Abstract. In this communication, we have studied an efficient numerical approach based on uniform mesh for the numerical solutions of fourth order singular perturbation boundary value problems. Such type of problems arises in various fields of science and engineering, like electrical network and vibration problems with large Peclet numbers, Navier-Stokes flows with large Reynolds numbers in the theory of hydrodynamics stability, reaction-diffusion process, quantum mechanics and optimal control theory etc. In the present study, a quintic B-spline method has been discussed for the approximate solution of the fourth order singular perturbation boundary value problems. The convergence analysis is also carried out and the method is shown to have convergence of second order. The performance of present method is shown through some numerical tests. The numerical results are compared with other existing method available in the literature.
Introduction
We consider the fourth order singular perturbation boundary value problem −εy iv (t) − p (t) y (t) + q (t) y (t) + r (t) y (t) = f (t) , t ∈ [a, b] , (1.1)
vein, if the p (t) vanishes at t = 0, then it becomes a turning point problem. In that scenario, the boundary layer will be at both the end points t = a and t = b [2] . Singular perturbation problems are engendered by multiplication of a small positive parameter ε to highest derivative term of differential equation with boundary conditions. Many scholars have studied the analytical and numerical solutions of these problems, but sometimes they found that the classical numerical methods failed to get good approximate solutions of singular perturbation problems. That's why they have gone for the non classical methods. In the last few decades, many researchers have discussed the numerical solutions of singular perturbation problems. Most of the researchers have studied the numerical solutions of second order singular perturbation problems [5, 10, 11, 12, 13, 17, 19, 20, 21, 22, 29] . Only a few researchers have focused the numerical solutions of higher order singular perturbation problems [3, 24, 23, 28, 27] . Lodhi and Mishra [14, 15] have suggested the computational technique for numerical solutions of fourth order singular singularly perturbed and self adjoint boundary value problems. Raja and Tamilselvan [23] have designed a shooting method on a Shishkin mesh to solve reaction-diffusion type problems. Mishra and Saini [18] have used initial value technique for the numerical solution of fourth order singularly perturbed boundary value problems. Sarakhsi et al [25] have studied the existence of boundary layer problem. Parameter uniform numerical scheme to solve fourth order singularly perturbed turning points problems have been presented by Geetha and Tamilselvan [7] . Sharma et al. [26] have done the survey on singularly perturbed turning point and interior layers problem. Geetha et al. [8] have applied parameter uniform numerical method based on Shishkin mesh for third order singularly perturbed turning point problems exhibiting boundary layers.
This paper describes a quintic B-spline approach for the numerical solution of fourth order singular perturbation boundary value problems and it has been proved to be second order convergence. The paper is organized as follows: In section 2, we describe the quintic B-spline method. Convergence analysis is established in section 3. Quasilinearization method is discussed in section 4. Section 5 gives the numerical results which substantiate the theoretical aspects. Finally, we discuss the conclusions in section 6.
Quintic B-spline Method
We divide the interval [a, b] into N equal subinterval and we choose piecewise uniform mesh points represented by π = {t 0 , t 1 , t 2 , ..., t N } ,such that t 0 = a, t N = b and h = b−a N is the piecewise uniform spacing. We define L 2 [a, b] as a vector space of all the integrable functions on [a, b] , and X be the linear subspace of L 2 [a, b] . Now we define
otherwise, for i = 0, 1, 2, ...N. (2.1) We introduce six additional knots as t −3 < t −2 < t −1 < t 0 and t N +3 > t N +2 > t N +1 > t N . From equation (2.1), we can easily check that each of the functions B i (t) is four times continuously differentiable on the entire real line. Also, the values of B i (t) ,B i (t) ,B i (t) ,B i (t) and B iv i (t)at the nodal points are given in Table 1 . Even one can show that φ 5 (π) ⊆ subspace X. Let L be a linear operator whose domain is X and whose range is also in X. Now we define
be the approximate solution of the problem (1.1) with boundary conditions (1.2), where c i s is an unknown coefficient and B i (t) s a fifth degree spline function. To solve fourth order singularly perturbed two point boundary value problems, the spline functions are evaluated at nodal points t = t i (i = 0, 1, 2, . . . , N ) which are needed for the solution.
From Table 1 and equation (2.2), we obtain the following relationships:
Moreover, m i , M i , T i and F i can be used to approximate values of y (t i ) , y (t i ) , y (t i ) and y iv (t i ) . Since S (t) is an approximate solution, it will satisfy equation (1.1) with boundary conditions (1.2). Hence we get
and
Using equations (2.3)-(2.7) in above equation and simplifying, we obtain
where
After simplifying above equation, we get
From the boundary conditions, we get the following equations
14) and 
and the coefficient matrix A is given by 
Derivation for convergence
In this section, a technique is portrayed which will ascertain the truncation error for the quintic B-spline method over the whole range a ≤ t ≤ b. Here, we suppose that function y (t) has continuous derivatives in the whole range.
We calculate the following relationships by comparing the coefficients of c i (i = −2, −1, 0, 1, . . . , N, N + 1, N + 2) . From equations (2.3)-(2.7), we have
Using the operator notation [6, 16] , the equations (3.1)-(3.4) can we written as
where the operators are defined as Ey(t i ) = y(t i + h), Dy(t i ) = y (t i ) and Iy(t i ) = y(t i ). Let E = e hD and expand them in powers of hD, we get We now define e (t) = y (t) − S (t) and substitute equations (3.9)-(3.12) in the Taylor series expansion of e (t i + θh) we obtain
where a ≤ θ ≤ b. We abridge the above results in the following theorem: Theorem 3.1. Let y (t) be the exact solution and S (t) be the numerical solution of the singularly perturbed fourth order boundary value problem (1.1) with the boundary conditions (1.2) for sufficiently small h which further gives the truncation error of O h 6 and method of convergence of O h 2 .
Quasilinearization method
Let us consider the boundary value problem
where F (t, y, y , y ) is a smooth function such that
In order to obtain the numerical solution of the boundary value problem (4.1) and (4.2), Newton's method of quasilinearization [1, 4] is applied to generate the sequence of {y k } ∞ 0 of successive approximations with a proper selection of initial guess y 0 . We define y k+1 , for each fixed non-negative integer k,to be solution of the following linear problem:
We make the following observations: i) If the initial guess y 0 is sufficiently close to the solution y (t) of (4.1) and (4.5), then the sequence {y k } ∞ 0 converges to y(x). One can see the proof given in [4] . From (4.3), it follows that, for each fixed k,
ii) Problem (4.4) with the boundary conditions (4.5), for each fixed k,is a linear fourth order boundary value problem which is in the form of (1.1) and (1.2).
Hence it can be solved by the method described in section 2. iii) The following convergence criterion is used to terminate the iteration:
(4.7)
Numerical results
In the present section, we have presented numerical results of the considered examples with the help of MATLAB software which verifies theoretical estimates. When the exact solutions of the considered examples are available then the maximum absolute errors E N are evaluated using the following formula for the present method, which is given by
When the exact solutions of the considered examples are not available then the maximum absolute errors E N d are evaluated using the double mesh principle for the present method, which is given by
2)
The numerical order of convergence is computed using the following formula
3)
The exact and approximate solutions are denoted by y N ε and S N ε respectively. Example 5.1 Consider the following singular perturbation boundary value problem [27] :
The exact solution of Example 5.1 is given by Example 5.2. Consider the following singular perturbation boundary value problem [7] : −εy iv (t) + 5ty (t) + 4y (t) + 2y (t) = 0, −εy iv (t) + 5ty (t) + (4 + t) y (t) + 2 + t 2 y (t) = −e t + 5, t ∈ [−1, 1] , y (−1) = 1, y (1) = 1, y (−1) = 2, y (1) = 2. Example 5.4. Consider the following singular perturbation boundary value problem [7] : −εy iv (t) + 5ty (t) + (4 + t) y (t) + 2y 2 (t) = 0, t ∈ [−1, 1] , y (−1) = 1, y (1) = 1, y (−1) = 2, y (1) = 2. 
Conclusions
In this article, we have used the quintic B-spline method for finding the approximate solution of fourth order linear and non-linear singular perturbation boundary value problems. We linearised the non-linear boundary value problem via quasilinearization method and solved the problem. It is a computationally proficient technique and the algorithm can easily be applied on a computer. The results obtained through this method are better than the existing method [7] with the same number of nodal points.
